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ABSTRACT
We establish some nodal and asymptotic properties of the solutions of nonlinear
elliptic eigenvalue problems obtained by Ljusternik-Schnirelman theory on gen-
eral level sets.

1. Introduction
We consider the following nonlinear eigenvalue problem:

(1.1)

—Au—c(x)u = N(x,u) in £,
u=20 on 34,

where @ C RY (N = 1) is a bounded domain with smooth boundary 9.
The purpose of this paper is to establish nodal and asymptotic properties of so-
lutions to (1.1) obtained by Ljusternik-Schnirelman theory on the general level set

N, = {u € WhH(Q); %f (|Vu|?* — c(x)u?)dx = a,
2

a < 0; normalizing parameter} .

We impose the following conditions on f and c:
(A.1) f:Q x R— Ris continuous.
(A.2) f(x,—u) = —f(x,u),uf(x,u) = 0 for (x,u) € @ X R.
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(A.3) 0 < f(x,u)u — g(x)u* < Clu|”*' for some C>0,p>1,0< g(x) €
L=(Q) and for all (x,u) € @ x R\ {0}}.
(A4) 0=<c(x) € L™(Q) and c(x)u® < Cfy f(x,s) ds for some C > 0.
(AS) M <A s A3 =\, <O N\ppyq < -+ for some ny € N, where A\, is
the k-th eigenvalue of the following linear eigenvalue problem:
{ —Au — c(x)u = Nqg(x)u in Q,

(1.2)
u=20 on 4.

(A.6) f(x,u)/u is strictly increasing for u > 0 and every x € Q.
Under the assumptions (A.1) ~ (A.5) Zeidler [3] showed that there exist solutions
(Un(a),Mp(@)) € WH¥(2) X R (a <0, 1 < n < ny) which satisfy

u,,(a)ENa,
(1.3) ¥ (u,(a)) = Bn(e) := inf sup ¥(u),

KE€EA, o ueEX
where y
¥ (u) = f dxf f(x,5)ds  forue Wh(Q),
Q 0
Ap o = [K C N,: compact, symmetric with respect to the origin,
0 & K and v(K) = n},

where v (K) is the genus of K, which is defined in the next section. Such solutions
are called variational solutions of (1.1).

It is easy to see that by (A.S5), the level set N, is not a sphere-like set but,
roughly speaking, has the structure of a hyperboloid. Therefore, it seems mean-
ingful to investigate the qualitative properties of such variational solutions on the
general level set N,.

First of all, we study the asymptotic properties of u,(a) and \,(«) as o 1 0.

THEOREM 1. Let 1 < n < ny. Assume (A.1) ~ (A.5). Furthermore, let 1 < p <
(N+2)/(N=2)(N=z3),l<p< o (N=<2)in(A.3). Then
(a) There exists a constant C > 0 such that for all -1 < a <0

ala) = N < C(v=a) .

(b) There exist a sequence {o;} (1 < j) such that o; 1 0 and u,(a;)/v—a; — v,
strongly in W2(Q) as j — oo, where v, is the n-th eigenfunction of (1.2) satisfying

1[ (|VUa|? = c(x)v?) dx = —1,
2Jg
(1.9

$(v,) =8,:= inf supd(u),

KeA, _, uek
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where
&{u) := -;-fq(x)uzdx Jor u € L¥(R).
0

Next, we restrict our attention to the one dimensional case. Let = (a, b) be an
open bounded interval. In this case, it is well known that the n-th eigenfunction
of (1.2) has exactly n — 1 distinct interior zeroes (cf. Courant-Hilbert [1]). Then
Theorem 1 suggests that u, () has also exactly » — 1 distinct interior zeroes, Our
result for this problem is as follows:

THEOREM 2. Assume (A.1) ~ (A.6). Let 1 < n < n,. Then there exists a vari-
ational solution (u,(a),\,(a)) of (1.1), where u,(a) has precisely n — 1 distinct
interior zeroes.

ReMARKs. (i) Consider the following nonlinear Sturm-Liouville problem:

(1.5)

—u” + f(x,u) = Ar(x)u in (a,b), r(x)>0,
u(a) =u(b) =0.

Heinz [2] showed the existence of a solution (#,A) of (1.5) where « has exactly
n — 1 distinct interior zeroes. Such a solution was obtained by using Ljusternik-
Schnirelman theory on the level set

b
S, = [u IS W"z(a,b);f r(x)utdx = a],

where « is a positive L2-normalizing parameter.
(ii) The continuity of u,(«a) and A, («a) with respect to a seems to be unknown
except the special cases.

In section 2 we give the proof of Theorem 1. Theorem 2 is proved in section 3.
2. Proof of Theorem 1

We explain notations and definitions. Let X := W %2(Q) be the usual Sobolev
space. For a given closed, symmetric (w.r.t. the origin) subset X C X in which 0
is not contained, the genus of K, denoted by v (K), is defined by

v(K) :=inf{n € N; there exists 4: K — R"\ {0}, & is continuous and odd]}.

In this section we fix the integer n (1 < n < ng).
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LeMMA 2.1. The eigenvalue and the associated eigenfunction of (1.2) obtained
under the constraints (1.4) coincide with the n-th eigenvalue and the associated
eigenfunction of (1.2), Furthermore, 8, = —1/\,.

We can show this lemma easily by mathematical induction. Hence we omit the
proof.

LeEMMA 2.2. For all =1 < a < 0, there exists a constant C > 0 such that
.1 f |Vu, ()2 dx < C(—a).
Q
ProoF. Since u,(a) € N,, we obtain from (A.4)

f |V (a)|?dx = fc(x)u,,(a)zdx + 2a
Q

Uy (a)
sfdxf f(x,5)ds + 2a = B,(a) + 2a.
Q 0

Therefore, we have only to show that 8,(«) < C(—«a). By (1.3) we can choose
K C A, _; and by (A.3), compactness of K and Sobolev’s embedding theorem we
obtain

v=av J=av|

|
B.(a) _<_supfdx f(x,8)ds < Csupfdxf (|s)? + q(x)|s|) ds
vekK Jg 0 veEK Jq 0

< Csupf {(v=a)P*!|v|P*! + (—a)g(x)v?] dx
veEK Jg

< C{(«/:E)”“ + (—-a)] < C(—a).
Thus we get (2.1). q.e.d.
LemMA 2.3.  There exists a constant C > 0 such that for any -1 < a <0
.2) [1/Nn(@) = Ba(@)/a| = C(V=a)~".

ProoF. Since (u,(a),\,()) is the solution of (1.1) and u,(a) € N,, we have
by integration by parts

(2.3) 2« =f (IVun(a)lz—C(x)un(a)z)dx=M(oz)ff(x.u,,(a))un(a)dx.
Q Q
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We obtain by (A.3), (1.3), (2.3), Sobolev’s embedding theorem and Lemma 2.2 that

ll,,(a)
|a/Na() = Bp(a)] = 'lff(x,un(a))u,.(a)dx—fdxf S(x,s)ds
2 Q Q 0
1
< Ef [ f(x,u(a)) — g(x}u,(a) |{u,(a)| dx
Q
un(c‘)

+fdxf | f(x,5) — g(x)s| ds

Q 0

< Cf |up(a)|P* dx < C(V=a)"*'.
Q
Thus we get (2.2). q.e.d.

LEMMA 2.4. There exists a constant C > 0 such that for any —1 < a <0

(24) 'Bn(a)/a - 1/)\n| < C(\/_—a)p—l'

Proor. By (A.3) we have foru € R

2.5) fuq(x)sds = fuf(x,s) ds < fuq(x)sds + Clu|P*!.
i) 0 0

We integrate (2.5) with respect to x to obtain

(2.6) lfq(x)uzdxsql(u)s_ 1fq(x)u2dx+cf |u)7+! dx.
2 Q 2 Q I

Let K € A, . Then it follows from (2.6) that

suplfq(x)uzdxs sup ¥ (1)
2 Q uek

uek

2.7 (
< sup = f q(x)u?dx + sup Cf |u|P*!dx.
2 Q uek Q

uek

We note that there exists K, € A, , such that

(2.8) inf suplfq(x)uzdx= sup 1fq(x)uzdx.
2Jq 2Jg

KEA, o uEK ucKe
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In fact, Ko = span{u,,u,...,u,—,4,}) N N,, where u; (1 < j < n) is the j-th
eigenfunction of (1.2). By using (2.7) and (2.8) we obtain

—afl, < By(a) =< inf {suplfq(x)uzdx+ SUpCf lul”“dx]
x 2Jq vek Jo

€Ap o \HEK

< sup lfq(x)uzdx-&- sup Cf {u|P* dx
2 Q ueKo 0

uekp
= —af}, + sup Cf lu|?*! dx,
uekKy Q
from which it follows that
2.9) |Bx(@) + Bra| < sup cf |u|?*+ dx.
u€EKo ]

Define K, := {v € X; v=av € K}. Since 8, = —1/\,, by using (2.9), Sobolev’s
embedding theorem, we get

[1/N, = Ba(a)/a] < sup Cf (v=a)?|v|P*dx < C(v=a)”.
veK), "]

Thus the proof is complete. g.e.d.

Consequently, combining Lemma 2.3 and 2.4 we get Theorem 1(a).
Next we shall prove Theorem 1(b) by using Theorem 1(a). For this purpose we
prepare some fundamental lemmas. We put v, = u,(a)/(v=a).

LEMMA 2.5. v, — Up (# 0) weakly in X as a 1 0, where v, is the n-th eigen-
Sunction of (1.2).

Proor. By Lemma 2.2, {v,]} is bounded in X. Hence, we can choose a weakly
convergent subsequence. Let v, be the weak limit of {v,}. By Sobolev’s embed-
ding theorem {v, } converges to v, strongly in L#7*!() and L2(Q). From (1.1) we
see that

(2.10) —Av, = c(X)v, = N (@) f(x, v=av,)/V—a.

Multiplying w € X on both sides of (2.10) and integrating by parts, we obtain

(2.11) f(Vva-Vw—c(x)v,,w)dx=)\,,(a)ff(x,\/:&va)w/\/:&dx.
Y] Q
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Then it is easy to see that the left-hand side of (2.11) converges to fg (Vvg-Vw —
c(x)vow) dx as a T 0. By using (A.3), Holder’s inequality, Sobolev’s embedding
theorem and Lemma 2.2 we obtain

’ff(x,FEv.,)wN—_adx—fq(x)vuwdx’ sC(J?a)p—lf |va|?| W) dx
Q 1 ]

/{p+1) 1/(p+1)
< C(J—_a)"’(f |va|’+'dx)p (J’ le”“dx) -0 asato.
a )

Hence, by letting o T 0 in (2.11), we obtain from Theorem 1(2)
(2.12) vao-dex - f c(x)vgwdx = )\,,f g(x)vowdx for w € X,
' Q 0
which implies that vy, is a weak solution of (1.2) with respect to A = A,,.. Finally,

we show that v, # 0. Assume vy = 0. Then noting that v, € N_;, we have for suf-
ficiently small o

f |V, |2dx = -2 + f c(x)v2dx < 0.
2 2
This is a contradiction. Hence, we obtain v, # 0. q.e.d.

LEMMA 2.6. The following equality holds:

2.13) %fq(x)v&dx= —1/\,.
]

Proor. From (1.1) we have

2= L |V, (o) ®dx — J;c(x)u,,(a)zdx= )\n(a)j;f(x,un(a))-un(a)dx,
from which, with Theorem 1(a), we obtainas o 1 0
(2.14) Lf(x, V=av,)v,/N=adx = =2/\,(a) = =2/\,.

By Lemma 2.2, 2.5 and (A.3) we obtain

f (f(x, v=av,)va/v=a — q(x)vZ) dx
(2.15) e

< c(v=a)*! f 0|7+ dx = C(v=a)"-".
Q

Since v, — v, strongly in L3(Q), we get (2.13) by (2.14) and (2.15). g.e.d.
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LEMMA 2.7. vy € N_;.

ProOOF. Put w = v, in (2.11). By a similar calculation as that in (2.15), we ob-
tain from Lemma 2.6 and Theorem 1(a), by letting « 1 0,

f|Vvo|2dx—fc(x)v&dx=)\,,fq(x)v§dx=—2.
Q 4] 143

Therefore, we get vy € N__;. q.e.d.

LEmMMA 2.8. v, — vo strongly in X asa 1 0.

Proor. Since v, € N_;, we obtain by Lemma 2.7

(2.16) f [Vu,|2dx = -2 + f c(x)vidx— -2 + f c(x)v¢dx = f | Vo |2 dx.
Q Q Q Q

Noting that v, is the weak limit of v, in X, we immediately get our conclusion by

(2.16). g.e.d.

As a consequence of Lemmas 2.5 and 2.8, we get Theorem 1(b).

3. Proof of Theorem 2

In this section we consider the one dimensional ODE case:
@G3.1) —u" —c(x)u = Nf(x,u) inQ=(ab) (—x»<a<b<wm),
3.2) u(a)=u(b)=0.

We prove Theorem 2 by using the idea of Heinz [2]. We begin with the prepara-
tion of a fundamental lemma.

LemMA 3.1. Let (u,N\) and (u,p) satisfy (3.1) in J = (c,d). Assume that
Nu<0and u,v>0in J. Furthermore, assume that u(c) = v(c) = yp, u(d) =
v(d) = y,. Then

() Ifu<vinlJ, then \ < p.

(i) fu<svinJand \=pu, thenu=vinJ.

ProoF. We put B := u’v — uv’. We easily obtain #’(¢) < v'(c) and v'(d) <
u’(d). Then we have

B(d) = (u'(d) —v'(d)y1 =0, B(c)=(u'(c) —v'(c))y=0.
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By using (1.1) we obtain

d d
OsB(d)—-B(c)=f (dB/dx)dx=f (u”v—uv”)dx
(3.3) ¢ ¢
d
=f {=N(x,u)/u + pf(x,v)/viuvdx.

We put G(x) := —Nf(x,u)/u + pf(x,v)/v. Assume that G(x) changes sign in J.
Then there exists 0 € Jsuch that G(¢) =0, i.e. \f(o,u(0))/u(o) = uf(o,v(0))/v(0c).
Then by (A.6) we obtain A < u. Next, assume that G(x) = 0 in J. Then by (A.6)
we obtain

=Nz —u(f(x,0)/v)/(f(x,u)/u) = —p.

Hence the proof of (i) is complete.
We prove (ii). From (3.3) and A = u, we have

d
0< —>\f {fx,u)/u — f(x,v)/viuvdx.

Noting that A < 0, by (A.6) we obtain¥ = v in J. q.e.d.

LemMA 3.2. Let (u,\) and (v,p) satisfy (1.1) in J = (c,d). Suppose that
Nu<O0andu,v>0inJ Then

(i) A=pifandonlyifu=vinJ.

(i) N<pifandonlyifu<vinl.

Proor. If u = v, then N\ = u is trivial. Suppose that A = pu. Let there exist
Xo € J such that u(xy) < v(xy). We put

B :=sup{x;u(x) < v(x)}, v :=inf{x;u(x) < v(x)}.

Since u(v) = v(v) 2 0, u(B) = v(B) = 0 and u(x) < v(x) in (»,8) we can apply
Lemma 3.1(i) to get ¥ = vin (»,8), which is a contradiction. Hence, the proof of
(i) is complete.

We prove (ii). If ¥ < vin J, then by Lemma 3.1(i) we know \ < u. Moreover,
if A = u, then by Lemma 3.1(ii) we obtain # = v in J. Hence, we get A\ < u. Next,
assume that A < u. Then we can easily see that & := v — u = 0 in J. If there exists
Xo € (¢,d) such that h(xp) = 0, then o := u(xp) = v(xp) > 0 and A attains a local
minimum at x = x,. Therefore, we obtain
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0 < h"(x0) = v"(x0) — u”"(x0) = —pf(X0,0) + Nf(xo,0)
= f(X0,0)(—p + N) <0,
which is a contradiction. Hence, u < vin J. q.e.d.

We consider the auxiliary variational problem which depends on a < 0 and a fi-
nite partition a = xo < x; <---< x,_; < x, = b of {1, and it reads as follows:

(3.4 Minimize ¥ under the constraints 4 € N,,, u(x;) =0 (0 < k < n).

We shall use the following notation. Let Z := {x,,...,X,—;) (X; < X;41), Z, be the
union of such Z. J;, := (xx_1,X;) (0 < k < n) and

B(a,Z) := {ue N,;,u(t) =0for any t € Z}.

Furthermore, we denote by Q(a, Z) the set of solutions of the problem (3.4).

Problem (3.4) is deeply connected with the piecewise solution of (3.1) and (3.2).
Precisely, we call (u,\) the piecewise solution of (3.1) and (3.2) with respect to a
and Z if (u,\) € B(a,Z) x R and u is a classical solution of (3.1) and (3.2) on each
J; of the partition given by Z. Denote by P(«, Z) the set of the piecewise solu-
tions with respect to o and Z. Finally, for u € X, the zero of u is called a noda/
zero iff it is interior to © but not interior to the set of all zeroes of u. Denote by
N(u) the set of all nodal zeroes of u.

LeEMMA 3.3. Let (u,\),(v,p) € Q(at, Z) such that N(u),N(v) C Z. Put
I := {x € Q;|u(x)| s |v(x)|},
I = {x € Q;|u(x)| > |v(x)]}.

Then
(a) For any k, either Jy C 1, or J, C I,.
b)) fN<su<O0,thenv=0inl,.
© IfA\=u<0,thenl, =0.

ProoF. (a) can be proved by a similar method to that used in the proof of
{2, Lemma 3.3). Hence we omit the proof. (b) follows from Lemma 3.3(ii). We
shall show (c). We assume that I, # @ and derive a contradiction. For this pur-
pose, we construct a differential curve (#;)o<;<1 in B(a, Z) such that u, = v and

(3.5) d¥ (ug)/dE ;=0 < 0.
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Then we see that (3.5) contradicts the fact that ¥ € Q(«a, Z). Put

(1-%&v inl,
“lo@®u inn,

where p (&) will be specified later. We put

vi=| (|u')? - c(x)u®)dx.
7}

By (b) we see that v = 0 in [;. Then we have
f (ugf? = c(x)ud) dx = (1 — £)2a + p(£)w.
Q
Suppose that » = 0. Then

f (u' |2 =c(x)u?)dx= | (Ju’'|* = c(x)u?)dx =2a.
Q

4

Put

u in I,
w:= )
0 inl.

Since I, # @ and w € B(a, Z), we easily see that ¥(w) < ¥(u) =8, whichis a
contradiction. Hence we obtain » # 0. Next, suppose that v > 0. We put

20 := f (ju' > - c(x)u*>)dx =2a — v <2a < 0.
L

We define
- V=au/N~ay inl,
W=
0 in 12.

It is obvious that W € B(«,Z) and | W} < {u| in I;. Hence, we obtain ¥ (W) <
¥ (u) = B, which is a contradiction. Hence, we obtain » < 0. Now, we define

p($) =20t - t3)/r=0 for ¢ € [0,1],

¥ (u) = f dxf flx,s)ds forueX and i=12.
I 0
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By direct calculation we easily obtain

(3.6) d¥, (ug)/dE |- = “f S(x,v(x)v(x)dx,
I

3.7 d¥,(ug)/dt |0 = 2a/vf g(x)u?dx.

I

Since v = 0 in I,, we obtain
20 = ‘L (Jv')? — c(x)v?)dx = pfnf(x,v)vdx =pu ) f(x,v)vdx,
:
from which we have
(3.8) ) flx,v)vdx =2a/p.
1
By integration by parts, we obtain

(3.9) v=| (u|*=cx)ut)dx=\| f(x,u)udx.
I

I

It follows from (A.3) and (3.9) that

(3.10) f g(x)uldx < | f(x,u)udx = v/,
I I

Combining (3.6), (3.7), (3.8) and (3.10) we obtain

d¥ (ug)/dE | g0 = —2a/p + 2a/vf g(x)u*dx < —2a/p+2a/A<0.

I

Hence we get (3.5). g.e.d.

LeEMMA 3.4. Let o < 0 and Z be fixed. Put 8 = inf,cp(q,z) ¥ (4). Then

(a) 8>0.

(b) There exists ug € B(a, Z) uniquely such that ¥ (uy) = 8 and ug = 0 in Q.
(©) Q(a,Z) consists of all continuous functions u such that |u| = u,.

(d) There exists \og < 0 such that (u,\o) € P(a,Z) for any u € Q(a,Z).

Proor. Since y(u) = 0 for any u € X, it is obvious that § = 0. Suppose that
B8 = 0. We can choose minimizing sequence {u;} C B(«,Z) such that g =
lim;_ . ¥ (u;). By using (A.4) we obtain
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f |uj)2dx = f c(x)utdx + 20 < f dxf F(xs)ds + 20 = ¥ (w) + 2a.
Q a 2 Jo

Since ¥ (u;) — 0, for sufficiently large j, we see from the inequality just above
that fo |4 |*dx < 0, which is a contradiction. Hence we get Lemma 3.3(a).

From (a) we know that {u;} is bounded in X. Hence, we can choose a weakly
convergent subsequence of {u;}, which is written {«;} again. Let u be the weak
limit of {u;}. We show that ¥ € B(«,Z). By Sobolev’s embedding theorem, we
easily obtain that u(¢;) = 0 for ¢; € Z. By lower semicontinuity of the norm of X,
we have

(3.11) f |u’|2dx_<_lir_ninff |uj|?dx.
Q Joroe Q
Since u; - u strongly in L*(2), we obtain

(3.12) f c(x)utdx =lim | c(x)ufdx.
Q

Jooo Q

By (3.11) and (3.12) we obtain
20 i= f |u’|*dx — f c(x)udx < lim inf(‘j~ (Juj|* - c(x)u,-2> dx =2a.
) Q j= \Jg

Assume o < a. We put v := v—au/v—ay € B(a,Z). Since v=a/v=ay < 1, we
obtain that {v| < |u| in €, where Q, is the non-empty subset of @ in which u # 0.
Therefore, by u; — u strongly in LPH(Q), we obtain

o

¥ (v) =fdxfuf(x,s) ds < f dxf"f(x,s) ds = lim dxfujf(x,s) ds =8,
Q 0 Q 0 Q ]

which contradicts the definition of 8. Hence, oy = a, i.e., u € N,. Therefore, we
get u € N, and ¥(u) = 8, namely, u € Q(a,Z).

Let (#,\), (v, 1) € Q(a, Z) be such that u,v = 0 in €. Without loss of general-
ity, we may assume that A < p < 0. By Lemma 3.3(c) we obtainthat 0 s u < v in
Q. Since ¥ (u) = ¥(v) = 3, we obtain u = v in Q. Hence, we get (b).

(c) is an immediate consequence of (b). We can prove (d) by using the Lagrange
Multiplier Theorem. q.e.d.

We now investigate the continuity of the elements of Q(«, Z) with respect to Z.
Let uy be the unique nonnegative element of Q(a,Z). For ¢ = (0,...,0,) €
{+1,-1}" we put U,(«a, Z,0) := o, up(x) for x € J;.
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LEMMA 3.5, Let Zj = ltjk;l < k < n} satisfy to; = limj_.,, tjkfor Isk=<n
Then U,(a,Z;,0) = U,(a, Zy, 0) strongly in X.

Proor. We put u; := U,(a,Z;,0), B; := ¥ (u;). We easily obtain

(3.13) Tim 8; < 8o

Jroo
by using the method used in the proof of [2, Lemma 3.6). Then it follows from
(A.4) and (3.13) that

f {uj|>dx = 2a + f c(x)uldx < 2a + C¥ (4;) = 2a + CB; < 2o + CBo.
a 2

Hence, we may assume that #; — v weakly in X. By Sobolev’s embedding theorem
we easily see that v(Zg,) = 0 for any fy, € Zy. We put

20 :=f (Jv’|? = c(x)v?) dx.
Q

It follows from weakly lower semicontinuity of the norm of X that oy < . As-
sume ag < o. Then v=av/v—ay € B(a, Zy) and we obtain

¥ (V=av/v=a,) < ¥(v) = lim ¥ (1;) < lim 8; < B,,
Jooo J—roo

which is a contradiction. Hence, we get oy = a, namely, v € Q(a, Z,). Finally,
we can easily show that v = U, («, Z,, o) by using Sobolev’s embedding theorem.
Hence the proof is complete. q.e.d.

Now we prove the following Theorem 3.6. Theorem 2 is the immediate conse-
quence of Theorem 3.6(¢).

Let Z,:={Z={a=t <t <<ty <tmp=0>b); m=<n}and P, :=
Uzez, Q(a,Z). For c €R, K, denotes the set of all u € N, N ¥ ~!(c) which are
critical points of the restriction of ¥ to N, .

THEOREM 3.6. Assume (A.1) ~ (A.6). Then forany 1 < n < n,
(a) P, is compact, symmetric, 0 & P, and v(P,) = n.

(b) P,NKg (o) # 9.

(€) Bn(a) = max,ep, ¥(u).

(d Bnla) < Bnypi(a).

(¢) Ifue P,N Ky, (4, then u has precisely n — 1 zeroes in Q.
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Proor. We first prove that y(P,) = n and P, is compact. We put § :=
{h € R, 27, || = 1). For h € S, we define Z(h) := {£;(h),...,ta1(h)},
where t;(h) :=a + (b — a)Xk., |h;|. For o € {+1,—1}", put

0,(h) := Uy(a,Z(h),0) € P,,
D‘, = [hGS;a,hJZO,j= l,...,n’.

Then by Lemma 3.5 we see that the mapping 6,: D, — X is continuous and odd.
Furthermore, we define ©:5 — X by 6] p, = 6,. Then it is easily seen that © is
continuous, odd and 6(S) = P, by Lemma 3.4(c). Hence, we obtain from
Borsuk-Ulam’s Theorem, namely, y(S) = n, that

n =7v(8) = v(6(8)) =v(Py).

Since O is continuous and § is compact in R”, P, is compact.

Assume that P, N K (o) = . Since P, is compact, there exists an open set
W D Kg, (o) in N, such that W N P, = &. We know from [3, Proposition 1] that,
under the conditions (A.1) ~ (A.6), there exists a deformation d: N, x [0,1] = N,
and ¢ > 0 such that the map u — d(u,?) is odd in ¥ and a homeomorphism from
N, onto N, for any ¢ € [0,1]. Moreover,

V(u) <B(a¢)+e and ue NN\W imply ¥(d(u,1)) <fB,(a)—c¢
Hence we obtain
Y(P,) < v(d(Py,1)) < y(N, N ¥~ (—00,8,(a) —€)) < 1,

which is a contradiction. Therefore the proof of (b) is complete.
We put b, := max,ep, ¥ (u). Since v(P,) = n, it follows from the definition of
B.(a) that

B,.(a) < max ¥(u) = b,.
ueP,

On the other hand, for any ¢ > 0, there exists A € A, , such that

(3.14) sup ¥{(u) < B,{a) +e.

ueA
Since P, is compact, there exists w € P, such that ¥(w) = b,. Let Z =
{t;,...,tm—y] (m < n) be the partition such that w € Q(«a,Z). We define
E:X->R™ by

E(u) := (u(ty),...,u(tym_1)).
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If AN B(a,Z) = O, then we obtain y(A) < m — 1, which contradicts A € A, ,.
Hence, AN B(a,Z) + . Let ve AN B(a,Z). Then we obtain by w e Q(a, Z)
that

b,=¥(w)<V¥(v) =< suB\I/(u) < f,(a)+e
uc

Since € > 0 is arbitrary, we get b, = 8,(a). Hence the proof of (c) is complete.

Let v, € P,N K, (o) and v; € Q(, Zy). For s € Q\Z,, we put Z, := Z, U {s}.
It is clear that u(s) # 0. Let v, € Q(a,Z,). Then it is obvious that v, € B(a, Z;)
but, by Lemma 3.4(c), v, € Q(a, Z,), since v,(s) = 0. Therefore, we obtain by (c)
that

Bnla) =y (v)) < ¥ (1) = _max ¥ (u) = Bpyi(a).
n+1
Hence the proof of (d) is complete.
Suppose that v (P,) = n + 1. Then by definition of 8,,,(«) and (c) we have
Bnr1(a) < sup ¥(u) = B,(a),
ueh,
which contradicts (d). Hence the proof of (a) is complete.
Finally, let u € P, N K3, (o) and m be the number of zeroes of u in Q. Since
u € P,, we obtain m < n — 1. On the other hand, since ¥ € P, ;, by using (c) we
obtain
Bn(a) = ¥(u) = max ¥(v) =Bpi(a).
veP,

m+1

Then from (d) we obtain n < m + 1. Hence we get m = n — 1, which is the con-
clusion of (e). g.e.d.
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